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 ¢>Al6:N;WMSIgd Ô0��o%�Gd © T<} }xF<=?Dj>AHUcAMb^GDjDGT�DG>scAMS>AC�MO=?abF[KN=6;WDh@_MbMODGHgDGF<MS>ACNP<:NaOD\>Ak?M
FNZ6KNTND\FNMOHW>sHt=?C<PUDGFN:<HvaO=6CUoNM�DG>AcAMbP0dÏý�M�F<=?k?MiDGF<:NH{KN;WT<k?MOPzDGFN=6DËD\FNM�^G:Ncsc<T<;W>Al?>AC<=?c
�N>sDGaOFNMbCE��@`>ACN:<H�>sDGH�K<cA:N@`oN>AC<l�F<TNcAM¨�0aO=?C�o<M`D\>AcAMOP<nvaOT<@_K<cAMODG>AC<l�D\FNMz>ACNP<:NaOD\>ATNC
HWDGMbK0db ¢>Al6:N;WM�Igd ÖUHWF<TN}xH0D\FNM�DG>scA>ACNl6H{^\TN;0DGF<M�HW@_=6cAcAMOHWDNDGFN;WMbMi�N>ADGabFNMOC<Hedm9�^&aOT<:N;WHXMOn
DGF<M4CN=?D\:N;W=?ctCN:N@`oNMO;XHxªNl6:N;WM4K<;WTN@`>ACNMbCNDGcAZ�>AC[DGF<>AHgK<;WTNT<^GûYD\FNMSoN=6HW>AHg}�=?Hx^GT<;
n � 1

=6CNP|DGFNMhHXDGMOK|@_TNk6MOP`^\;WTN@
n
D\T

n � 1
d

I�H_=?C<TNDGF<MO;_MbQN=?@`KNcAMOn�aOT<CNHW>AP<MO;_D\FNM�K<;WTNl6;W=?@_@`>ACNl�cA=?C<l?:N=6l?MJÅu>AHWK%dvÅu>sHWK
>AH|oN=?HXMOP«TNC�=?DGTN@`H`=6CNP«TNC�DGFNM£cA>AHXD�aOT<CNHWD\;W:NaOD\TN;

cons
=?C<P�D\}xT«@_=?D\aOFN>AC<l

PNMbHWDG;W:<aODGTN;XH
car
=?C<P

cdr
dbI[cA>sHWD¢>AH%Mb>ADGFNMb;0=?Cx=?D\TN@ÁTN;0=?C�TNoN§sMOaOD&oN:<>AcAD&}�>ADGFgDGF<M

µ�¶�·�¸�¹�º\»
¼ ¬ Ð�MOaO:N;XHW>Ak?M�DG>AcA>sCNl?H�^\TN;�DGF<MLHW@`=?cAcAMbHWDuDGF<;WMOM��N>ADGabFNMOC<Hed
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aOT<CNHWDG;X:NaODGT<;�^\;WTN@úT<DGFNMO;2cA>sHWDGHed&ILHWHX:N@_MUD\FNM|MOQN>AHXDGMOCNabMUTN^�=£ÀwTNT<cAMO=?C�^G:<CNaODG>sTNC
listp

DGF<=?DqDGMOHWD\H�}�FNMOD\FNMO;�>ADGH�=?;Wl6:N@_MbCND0>AH�=zcA>AHWD{TN;�=?CJ=?D\TN@ø��;XMODG:N;XCN>AC<l`DG;X:NM
^GT<;�=�cs>AHWD��<=6CNP_P<MOªNC<MhDGF<MLCNMb}ÂaOT<CNHWDG;X:NaODGT<;

append
=6Ht^GT<cAcATN}�Hed

(defn append (x y)
(if (listp x)
(cons (car x) (append (cdr x) y))
y))

ÅuMbDt:NH�KN;WT<k?MxD\FN=?DvDGFNM�^G:NC<aODG>AT<C
append

>sHL=?HWHXTNaO>A=6DG>Ak?MO¥ËDGF<=?Dv>sHWn%cAMOD{:NH�KN;WT<k?M
DGF<MLaOT<;W;WMOaOD\CNMOHWHvTN^%D\FNML=6HWHWMO;WD\>ATNC
(equal (append (append a b) c)

(append a (append b c)))

ý�MJKN;WT<aOMOMOP«oNZ�>AC<PN:<aODG>AT<CVTNC
a
dq�\C�D\FNMJoN=?HXM£ab=?HWMOn

a
>AHz=?C�=?D\TN@_n�HWT�DGF<=?D

(listp a)
^\=?>AcAHed¶�tF<MqªN;WHWD¡DGMO;X@_n

(append (append a b) c)
n�oNMbaOTN@`MOH

(append b c)
¥j=?CNPYDGFNM]HXMOaOTNC<PVDGMb;W@_n

(append a (append b c))
n

oNMbaOTN@`MOH
(append b c)

¥gF<MOCNaOM�DGFNM�DG}xTÁ=?;WM�MOy<:N=?cÃd�ILHWHW:<@_M�DGFNMbCrDGF<=?D
DGF<MgMOyN:<=?cA>AD\Z4FNT<cAPNH2^GT<;h=?cAc%cs>AHWDGHh>sCNk?T<cAk?>AC<lS=?Dt@`TNHWD

n
:NHXMOHhTN^tDGFNMgabTNCNHXDG;W:NabDGTN;

=?C<P�cAMODt:NHhMOQ<=?@_>sCNMgDGF<MgcA>AHXD
a
P<MOªNC<MOP�oNZ

(cons a’ a")
n0}�FNMO;XMgoNT<DGF

a’=?C<P
a"
@`MOMOD2DGFNMJaOT<CNP<>ADG>AT<CNH4T<^�D\FNM£>ACNP<:NaODG>sk?M�F<Z?KNT<DGFNMbHW>AHed0�tF<M�ª<;WHWD2DGMO;W@`n

(append (append a b) c)
n¢aO=?C|oNMh;XMO}x;W>sDGDGMOC|=?H

append (append (cons a’ a") b) c

ILK<KNcAZ6>ACNlgD\FNMhP<MOªNC<>ADG>AT<C4TN^
append

n&}xM�aO=?C|;WMO}�;W>ADGM�DGFN>AHtMOQNK<;WMOHWHW>sTNC_=6H
append (cons a’ (append a" b)) c

I�HWMOaOT<CNP_=6KNKNcs>AaO=?DG>sTNC4Z?>sMOcAPNH
cons a’ (append (append a" b) c)

© T<}Â}�MhaO=?C|:NHWMjD\FNMh>AC<PN:<aODG>Ak?MjF<Z?KNT<DGFNMbHW>AHiTNC_DGFNMjHWMbyN:NMbCNaOMhT<^%DG}�T
appendTNK<MO;W=?D\>ATNC<H�DGT_Z6>AMOcAP

cons a’ (append a" (append b c))

�tF<MLHWMbaOTNC<P_DGMO;X@_n
(append a (append b c))

n&aO=?C|oNM�;WMO}�;W>ADGDGMbC`=?H
append (cons a’ a") (append b c)

ILK<KNcAZ6>ACNlgD\FNMhP<MOªNC<>ADG>AT<C4TN^
append

Z?>AMOcsPNH
cons a’ (append a" (append b c))

}xF<>AaOFÁ>AH�MbQN=?aOD\cAZY}�FN=?D|}xM�PNMO;X>Ak?MOP	^G;WT<@ D\FNM[ª<;WHWD|DGMO;W@]dB´`MOCNaOM�DGF<M[ª<;WHWD
=?C<P]HWMOaOT<CNP]D\MO;W@_H�=?;WMgMbyN:N=6c%=?CNP�}xMgF<=?k?MxK<;WTNk6MOP]DGF<MU>ACNP<:NaODG>sk?MUHWDGMOK%d�´_MO;XM
=?l?=6>ACNnmDGF<MiCN=?D\:N;W=?c¨C<:N@_o<MO;WHq@_=6�NM�=j^G=6>A;WcAZjT<oNk?>AT<:NH{=?KNK<MO=?;W=6CNaOMOnmabTN:NC<DG>AC<l�D\FNM
CN:<@_o<MO;�TN^u=?KNK<cA>AaO=?D\>ATNC<H�TN^%D\FNMLabTNCNHXDG;W:NabDGTN;iT<^uDGF<Mh=?oNHXDG;W=?aODËPN=6DG=xDGZ6KNM¨d
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�\CNPN:<aODG>AT<CY>sHUCNTND2cA>s@_>ADGMbP�DGT�TNC<MJKN;WT<aOMOHWHUT<^�abTNCNHXDG;W:NabDG>ATNC%¾q}�>ADGF�HXMOk?MO;W=6c
PN>sHWDG>AC<aODuaOT<CNHWD\;W:NaOD\>ATNC`@_MOaOF<=?CN>sHW@_HWnm}�M�aO=?CzHWDG>Acsc<=?K<KNcAZ�>AC<PN:NabDG>ATNC`oNZ�k?MO;W>s^GZ?>AC<l
DGF<=?DiMO=?aOF£aOT<CNHWDG;X:NaODG>sTNC�@_MbaOFN=?C<>AHW@ÙTNo<MOZ?HhDGF<MU;WMOy<:N>A;WMb@_MOC<D�d<�GC]HX:NaOF�=4aO=?HWMbn
}xM�HWDG>Acsc¢FN=?k6ML=�oN=?HW>sH�oN:<D%CNT<}ÂFN=6k?M�HXMOk?MO;W=6c<HWD\MOKNHWû�TNC<Mh^GT<;�MO=?aOFzaOT<CNHWD\;W:NaOD\TN;Ãd
�tF<>AHJ=?KNK<;WTN=6aOFE>AH4ab;W>ADG>Aab=?ch>ACRK<;WTNk?>sCNl�DGF<=?Dg=?o<HWDG;W=?abDgPN=?D\=�DGZ?K<MOH4=?C<PETNDGF<MO;
KN;XTNl?;W=6@_@_>sCNl_T<oN§AMbaODGHLT<oNMOZ_PNMOHW>s;WMOP£KN;WT<KNMO;WD\>AMOHWn%HX>ACNaOM�DGFNMbZ_TN^\DGMOC�F<=?k?M�@_T<;WM
DGF<=?C_T<CNMhaOT<CNHWD\;W:NaOD\TN;Ãd
�\CNPN:<aODG>AT<CV>AH|k?MO;XZ�K<TN}�MO;W^G:<cL>AC«DGF<=?D�>sD�MOC<=?oNcsMOH`:<H`D\T�;XMOPN:<aOM�D\FNM£KN;WT<TN^

TN^zHWT<@_M]abTN@_K<cAMOQEHXDG=?DGMO@`MOCNDxDGTEDG}�TE@_:<aOFEHW@`=?cAcAMO;_MOCNP<MO=?k?T<;WHe¾tDGF<M�oN=?HW>sHWn
}xF<>AaOF�>AH2TN^\DGMOC�yN:<>ADGM|DG;W>Ak6>A=?cAn0=?C<P�DGFNMzHWDGMbKNnq}xF<>AaOF�oNMbCNMOª<DGH2>A@_@`MOCNHWMbcAZS^G;WT<@
DGF<M�>sCNPN:<aODG>Ak6M�F<Z?KNT<DGFNMbHW>AHedÏ�tF<:NHq;W=?DGF<MO;0DGF<=?CUFN=?k6>ACNl2DGTgK<cATNDË=jaOT<:N;WHWMi^\;WTN@¤DGF<M
FNZ6KNTND\FNMOHW>sHL=?cAcËDGF<M�}�=?ZUDGTJDGFNM�PN>sHWDG=?C<DvaOT<CNaOcs:NHW>AT<CNn%}�M2FN=?k?M2DGTJK<cATNDv=|abTN:N;XHWM
TNC<cAZg^G;XTN@(HWDGMOK

n
DGT_HXDGMOK

n � 1
n<=�@`:NaOF|MO=?HW>sMO;vK<;WTNo<cAMO@]dN9�^waOTN:<;WHWMOn<oNT<DGF_DGF<M

oN=6HW>AHj=?C<P�DGFNMUHWD\MOK]CNMbMOP]KN;XTNTN^\HW¥vD\FNMO;WMx>AHjCNT�;WMb=?HWTNC�}xFNZSD\FNMOHWMUK<;WTNT<^GH2FN=?k6M
DGTJoNM2HWD\;W=?>Al?F<DG�GcA>sCNM2KN;WT<TN^GHXnu=?Hi}�M�F<=?k?Mj:<HWMOPJHWTS^G=?;²dm»w>ADGF<MO;�T<CNM2@_=6ZU:NHWM2aO=?HXM
=?C<=?cAZ?HW>sHWn¨aOTNC<DG;W=?P<>AaODG>AT<CNn<TN;{MOk?MOCU=jC<MOHWDGMOPz>AC<PN:<aODG>AT<C0d"ý�Mil?>Ak6Mi§A:NHWDËTNC<M�HX>A@_K<cAM
MOQ<=?@_K<cAMOn&}xF<MO;WMjDGF<Mj>ACNP<:NaOD\>ATNC£HWDGMOK_>AHiKN;WT<k?MOP4o<ZUaOTNC<DG;W=?P<>AaODG>sTNCJ:NHW>sCNlz=gaO=?HXM
=?C<=?cAZ?HW>sHed
ý�M�}x=6CNDpDGTzKN;WT<k?M�DGFN=6DGn¨>ACz=?CNZ2HW:<oNHWMODpT<^

n � 1
CN:N@`oNMO;XHvaOF<TNHWMbC|^\;WTN@¤DGF<M

HWMOD��
1 Ã 2 Ã Ü?Ü6Ü Ã 2n � nmDGFNMO;XM�@`:NHWD&MbQN>AHWDp=jK<=?>A;qTN^&C<:N@_o<MO;WHqHW:<aOFUDGFN=6DËT<CNM�@_Mb@_oNMb;TN^tDGFNMgK<=?>A;�PN>Ak?>sPNMOHhD\FNMgT<DGFNMO;²d<�tF<MgoN=?HX>AHWn%^GT<;

n � 1
>sHLaOcAMb=?;WcAZ`DG;W:NMbnuHW>AC<aOMgDGF<M

HWMOD{>AH��
1 Ã 2 � =6CNPJ}xM�@_:<HWDqHWMOcAMOabD{o<TNDGF£TN^{>ADGH�MOcAMb@_MOC<DGHed?ILHWHX:N@_M2DGF<MOCJDGFN=6DvDGF<MHWDG=6DGMO@_MbCNDuF<TNcAP<Hi^GTN;t=?cAc

n
:NK`DGT_HXTN@_M

k
=?C<P_aOT<CNHW>sPNMO;iDGF<MLaO=6HWM

n � k � 1
d"ý�M

HWF<=?cAcp:NHWMjabTNCND\;W=?PN>saODG>AT<C0¾mDGFN:<H�}�Mh=?HWHW:<@_MhD\FN=?Dq}xMLaO=?C4ª<CNPJHWTN@`MjHW:No<HWMOD
S
T<^

k � 2
MOcAMb@_MOC<DGH�aOF<TNHWMOC`^G;WT<@ÛDGFNMLHWMOD��

1 Ã 2 Ã Ü6Ü"Ü Ã 2k � 2 � HX:NaOF`DGFN=?D0C<T4MOcAMb@_MOC<DTN^
S
PN>Ak6>APNMOH{=?C<Z�T<DGFNMO;vMOcAMO@`MOCNDpT<^

S
deý�M�HWFN=6cAc<K<;WTNk6M�DGF<=?DË}xM�aO=?Cz:NHWM�DGF<>AHvHXMOD

S
DGT�aOTNC<HWDG;W:<aODN=�CNMO}�HWMOD

S � TN^ k � 1
MOcAMO@`MOCND\HËabFNTNHXMOCx^G;XTN@��

1 Ã 2 Ã Ü?Ü6Ü Ã 2k � HW:<aOFDGF<=?DpCNTzMOcAMO@`MOCND&T<^
S � PN>Ak6>APNMOHq=?C<Z2TNDGF<MO;qMOcAMO@`MOCND&T<^ S � n¨}xF<>AaOFzaOTNC<DG;W=?P<>AaODGHqDGF<M>AC<PN:NabDG>ATNC�FNZ6KNTND\FNMOHW>sH�=?C<P�MOHWDG=6oNcA>AHXFNMOHjT<:N;�aOTNC<aOcA:NHX>ATNC<nvDGF<MO;WMOo<ZJKN;WT<k?>ACNlJDGF<M

>AC<PN:NabDG>ATNC_HWDGMOK%deý�M�PN>AHXDG>ACNl6:N>AHWF`DGFN;XMOM�aO=?HWMOHÏ¾¡� >Ã�
S
abTNCND\=?>ACNHvCNMO>sDGFNMO;

2k � 1
C<TN;

2k � 2
¥i� >A>Ã�

S
aOTNC<DG=?>AC<HhTNC<MgTN^tDGFNMOHXMxMOcAMb@_MOC<DGHLo<:ND�C<TNDiDGF<MgTNDGF<MO;W¥%=6CNP�� >A>A>Ã�

SaOT<CNDG=?>sCNHLo<TNDGF
2k � 1

=?CNP
2k � 2

dm�GCJDGF<M�ª<;WHWD{aO=?HWMOn&}�M�;XMO@_T<k?Mj=?CJ=?;Wo<>ADG;W=?;XZ
MOcAMb@_MOC<DtTN^

S
DGT£^GT<;W@

S � n%}xF<>AaOF�DGFN:<HhFN=?H k � 1
MOcAMO@`MOCNDGHXnuCNT<CNMgcs=?;Wl?MO;�DGF<=?C

2k
ni=?CNP�CNT<CNM`PN>Ak?>sPN>AC<l]=?CNZ£TND\FNMO;ÃdË�GC�D\FNM|HWMOaOT<CNP[ab=?HWMOnq}xM|;WMO@`TNk?M|DGF<M`T<CNM
MOcAMb@_MOC<D0TN^

S
DGFN=?D0MbQNaOMOMbPNH

2k
D\T4^GTN;X@

S � n&}�FN>AabF4=?l?=?>sC_}x>scAcpFN=?k?MLDGFNMjP<MOHW>A;WMbPKN;XTNKNMb;WDG>AMOHÏd
�tF<MqDGFN>A;XP�ab=?HWM0>AHpDGF<M{>sCNDGMO;XMOHWDG>AC<l�TNCNMm¾�}�M{@`:NHWD¨;WMb@_TNk6M0oNTND\F
2k � 1=?C<P

2k � 2
^G;XTN@

S
oN:ND�@_:<HWDiDGF<MOC�=?PNP�HWT<@_MUT<DGFNMO;2MOcsMO@_MOC<D���CNT<D�>AC

S
�wC<TND

MOQ<aOMOMOP<>ACNl
2k
DGT4TNo<DG=?>ACS=6C

S � T<^0DGFNMjaOT<;W;WMOabD%HW>A�OMmd"Ì?>AC<aOM S
abTNCND\=?>ACNH

2k � 2
n&>AD

aO=?C<CNT<D0aOTNC<DG=?>AC
k � 1

� TNDGF<MO;W}x>sHWMhTNC<MjMOcAMO@`MOCND\n
k � 1
nN}�TN:NcsPSPN>Ak?>sPNMj=?C<TNDGF<MO;An

2k � 2
��¥w}xM�DGFN:<Hh=?PNP

k � 1
DGT£;WMOK<cA=?aOM�DGFNM�DG}xT�MOcAMO@`MOCND\H

2k � 1
=?CNP

2k � 2DGT4^\TN;W@
S � d"�GDu;WMO@_=6>ACNH�D\T4HWFNT<}�DGF<=?D%CNT_MOcAMO@`MOCND%T<^ S � P<>Ak?>AP<MOHi=?C<ZgTNDGF<MO;W¥&DGF<MTNC<cAZSaO=?C<PN>AP<=?DGM�KN=?>A;XHL=?;WM�DGFNT<HWMg>AC<k?TNcsk?>ACNl

k � 1
nwHW>AC<aOMx=?csc%TNDGF<MO;WH�}xMO;WM�KN=?>s;WH
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>AC

S
d¢�vFNM|MOcAMO@`MOCND

k � 1
aO=6CNCNT<DLP<>Ak?>AP<M`=?C<ZJTNDGF<MO;AntHX>ACNaOM|=?cAc{TND\FNMO;WH�=?;WMzDGT<T

HW@`=?cAc{��C<TNCNM�MOQ<aOMOMOP<H
2k
�Gd¨ý�MjaOcA=?>A@ÚDGFN=?DqC<T£MbcAMO@_MbCND0TN^

S � ��T<DGFNMb;�D\FN=?C k � 1>ADGHXMOcA^��¨PN>Ak?>sPNMOH
k � 1

¾e=?CNZ�HW:NabF_MOcAMb@_MOC<Dw>AHt=?cAHWT|=?C_MbcAMO@_MbCNDËTN^
S
=?C<PNn¢P<>Ak?>AP<>ACNl

k � 1
n%}xT<:NcAP�=6cAHWT�P<>Ak?>AP<M

2k � 2
=?CNP�}xT<:NcAP�^GT<;W@ }�>ADGF

2k � 2
=4^GTN;XoN>AP<PNMOC

KN=6>A;t>AC
S
de�tFN:<H

S � FN=?HWn<>AC_=6cAcNDGF<;WMOM�aO=?HWMOHXnNDGF<MLPNMbHW>A;WMOP`KN;WT<KNMO;XDG>AMOHed

�DC�E>C�� ÈÉQ)Y+_�I�J>Y�Î)Q��ÁY+L�QSI�J>T�Ë>OlLNLRQ.J%_ Æ~LzY�ÎSÎlZBI�_^XGL~[>XGM
½x>s=?l?TNC<=?cA>A�b=?DG>AT<Cx}x=6H%PNMOk6>AHWMOP�oNZz��MOTN;XlUØ{=6CNDGT<;0>ACxF<>AH%KN;XTNTN^pDGF<=?DN=LCNTNC<MO@_K<DGZ
HWMODzaO=6CNCNT<D`o<M�KNcA=?abMOPR>ACND\TÁ=«T<CNMO�GD\TN�GT<CNM[abTN;W;WMbHWKNT<CNPNMbCNaOM�}x>AD\FÁ>sDGHJKNTN}�MO;
HWMOD¶dq�GC�>ADGH|@_T<HWD�aOTN@`@_TNC�^GT<;W@_n�PN>A=6l?TNC<=?cA>A�O=6DG>ATNCY>AH|=�aOT<CNDG;X=?PN>AabDG>ATNCYKN;WT<TN^
oN=6HWMOPSTNCS>sCNPN:<aODG>AT<C0¾¨DGFNM2>AC<PN:NabDG>Ak?M2KN=6;WD0TN^qDGF<M�K<;WTNT<^qaOTNC<HWDG;W:<aODGH�=?CSMOcAMb@_MOC<DGn
DGF<MSMOQN>AHXDGMOCNabM4TN^2}xF<>AaOF�>sHUDGFNMSP<MOHW>A;WMbP�aOTNC<DG;W=?P<>AaODG>sTNC0d%�vFNMO;WMS>sHUCNT�@`Z?HWDGMO;XZ
DGT�P<>A=?l?T<CN=?cs>A�O=?DG>sTNC0¾%>AC<HWDGMO=6PNn�>ADj>AHgHX>A@_K<cAZ�=]@_=6DGDGMO;gT<^jKN:<DGDG>AC<l�D\TNl?MOD\FNMO;gD\FNM
>AC<PN:NabDG>Ak?M4K<>AMOaOM_=?CNP�DGFNM`aOTNC<DG;W=?P<>AaODG>AT<C�KN>sMOaOM¨dwÌ6MOk?MO;W=6cvHW>s@_KNcsM_MOQ<=?@_K<cAMOHx=6;WM
l?>Ak6MOCÂ>AC¤Ì6MOaODG>AT<CNH�Ó%dAÕV=?CNPÂÓ0d Ò%d2ý�M�aOT<CNDGMbCNDJTN:<;WHWMOcAk6MOH�FNMO;XM�}x>AD\F¤l?>Ak?>AC<l
=�KN;XTNTN^zT<^�Øq=?CND\TN;eÄ H£;XMOHW:NcsD�dtILC<Z�P<>A=?l?T<CN=?cs>A�O=?DG>sTNCRKN;XTNTN^|:NHXMOHSDGFNM�>A@`KNcA>sMOP
aOT<;W;WMOHWK<TNC<PNMOC<aOMj>AC_T<;WPNMb;�DGT_HXMODu:<K4=?C_MbCN:N@`MO;W=?D\>ATNC%d"�GC_T<:N;iaO=6HWMOn¡}xML=6HWHW:N@`M
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